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Abstract: This paper investigates a pursuit game of an infinite 3-system of differential equations
involving one pursuer and one evader. Integral constraints are imposed on the players’ control
parameters where the resource of the pursuer is greater than that of the evader. The aim of the pursuer
is to bring the initial state £° of the system into another non-zero state £ of the system at some time
on a finite time interval to complete the pursuit. We constructed a control function needed in solving
control problems of the system and developed an admissible pursuer’s strategy to solve the pursuit
problem. Pursuit is shown to be completed in the game as the state of the system reaches state é at a
finite time 8 > 0.
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1 Introduction

The growing necessity to resolve conflicts between two competing parties with contradictory goals led
to the development of differential game theory by Isaacs [1] in 1965, where the conflicts are modelled
by either partial differential equations or ordinary differential equations. Its significant contribution
extends across a wide range of fields, including engineering, economics, military strategy, and
transportation.

Various differential game problems described by some ordinary differential equations, were
studied in a finite dimensional space such as R? or a more general Euclidean space R, n > 2 as in the
works of [2-5]. However, a mathematical model described by a system of partial differential
equations can be reduced to a model described by an infinite system of ordinary differential
equations by using the method of decomposition [6-11]. Therefore, such model of differential game
must be studied in Hilbert space which is an infinite dimensional space. In recent years, many
differential games, described by an infinite system of ordinary differential equations, were investigated
on its own (for example in [12-22]), including this study.

In numerous studies of pursuit differential games, the pursuit is said to be completed when the
initial position of the system reaches the origin of the space, as can be found in the works [12-18].
For example, the work of Ibragimov et al. [15] focused on solving a pursuit differential
game described by an infinite 1-system of differential equations as follows:
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Zy = =z +up — vy, Z(0) = zyo (1)

where zy, Uy, v € R and A, € RT for k = 1,2, ... . The players' control functions are subjected to
geometric constraints. The pursuit is said to be completed if the geometric position of the state of the
system coincides with the origin of [, space at some time. An admissible pursuer’s strategy and a
formula of guaranteed pursuit time of the game were established.

Ibragimov et al. [16] continued to study a differential game (1), but each coefficient A, k =
1,2, .., now complies to condition 1; < A, < --- . A strategy of satisfying geometric constraints was
constructed for the pursuer and an equation of guaranteed pursuit time was found.

The study continues to a higher-level system of differential equations with the work of
Tukhtasinov et al. [17] which examined a pursuit game in a higher-level system of differential equations
that is an infinite 2-system of differential equations defined by

x:k = —apXk — PrYk —Uk1 + Vi1, Xk (0) = xgo, 2)
Yk = BrXk — @Yk —Ukz + Vk2,  Yi(0) = Yo,

where ay, B € R,a, =0 for k =1,2,... . Geometric constraints restricted the players’ control
functions where the resource p of the pursuer is greater than ¢ that of the evader. Pursuer’s strategy was
developed, and the pursuit was successfully completed. An estimate of a guaranteed pursuit time
together with a guaranteed evasion time of the game were also obtained.

Ibragimov et al. [18], on the other hand, investigated a pursuit game of 2-system with the system
given in the form of

Q‘C‘k =YXk — OkVik + Uk — Vi1, Xk (0) = xio, 3)
Yk = OrXp +ViVi + Ukz — Vk2,  Yk(0) = Yo,

where y, = 0,68, € R. The control functions of pursuer and evader were constrained by integral
constraints. In this work, the pursuer seeks to shift the state of the system into the origin as the
evader attempts to avoid this. Optimal strategies were established for the players and thus, optimal
pursuit time of the game was obtained.

In addition to all of these investigations, there were also works that examined pursuit
differential
games where the completion of pursuit is achieved when the initial state of the system is shifted into
another non-zero state. For example, the work of Waziri et al. [19] investigated a pursuit game described
by an infinite system of the first order,

Ze () + ez (8) = wi(0), z,(0) = z 4

where z,, w, E Rk = 1,2,..., z° = (Zf,zg, ...) € [, and wy, is the control parameter of the system.
The set of pairs (z°, z!) involving initial state z° = (z{, z2,..) € I, and a non-zero state z! =
(z1, z3,...) € I, of the system were established and utilised to construct the sufficient condition for
the game. Both geometric constraints and integral constraints were imposed on the players’ control
functions but were studied separately. The solution to the control problem and the construction of the
pursuer’s strategy was obtained.

Furthermore, the system in [19] was described as coordinate-wise in the study of Waziri and

Ibragimov [20], where the respective control function of the pursuer and evader are subjected
coordinate-wise to integral constraints.
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with pg, 0 > 0 and p; > gy for all k = 1,2, .... A strategy for the pursuer in bringing z° into z! at
time 6 > 0 was developed.

The problem of differential game described by an infinite two-system of differential equations
continued to be solved as can be seen in Ibragimov et al. [21]. In the work, the game was described as
follows:

??k = =X — Bk Vi + Wer — Vi1, Xk (0) = xio, 6)
Yk = BrXk — QxYk + Ukz — V2, Yi(0) = Yio,

where a, = 0, S, € R for k = 1,2, .... Integral constraints was imposed on the control functions of
both pursuer and evader. A similar work was carried out in Waziri et al. [22] for the game defined by
(6) but with geometric constraints restricting the players’ control functions. In both works, it was shown
that the pursuit can be completed by constructing feasible strategy for the pursuer.

The reviews above show some studies that were conducted to solve pursuit differential games
described by infinite 1 and 2-system of differential equations, which entail advancing the state of the
system either into the origin or into another non-zero state of Hilbert space which has been the subject
of numerous investigations. However, a pursuit game could occur in a more complex system, that is of
a higher level of system of differential equations. The method of solving pursuit game of any level of
infinite system cannot be generalised as every system has its unique fundamental matrix and must be
dealt on its own.

We are, therefore, motivated to study a more complex problem of solving the pursuit game
which is defined by a 3-system of differential equations in the present research. The pursuer's goal is to
terminate the pursuit by transferring the initial state into a non-zero state at some time. The game
between one pursuer and one evader is set to occur in Hilbert space [, which satisfies:

<{n >=Yge1 Gk < o, (7
I =<¢¢>=8 <o

The equation of the game is given by

Xp = =X — Uks + Vi1, % (0) = X,

Ve = =AYk — Ok Zk — Ukz + Uiz, Yi(0) = ¥, )]
Zy = 8V — AkZi — Ugs + Vi3, 2 (0) = 2z,

where py, Ay = 0, 6k € R, uyj,vg; € Rfork=1,2,..,andj =1,2,3, with control parameter
u = (ug, Uy, ...) = (U1, Uiz, Uz, Uzq,Upp, Uzz,...) € I of pursuer and control parameter

v = (v, y,...) = (V11, V12, V13, V21,V22,V23,..-) € [ of evader.

2 Some Preliminaries

We examined a pursuit differential game defined by infinite 3-system of differential equations (8).
Let

x0 = (P, x3,x2,..0)€el,,  yOo=0dydyd . )eE L, z20=(20,22,22,..) € I,
be the initial state of the system and

xt=(xl,xx}, .. )€ Ly, y' = (yi,y3,y3,...) € Ly, z' = (z},2%,2%,..) € 1y,
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be another non-zero state of the system.

The game is said to be completed if the state £° reaches &* at some finite time. We present the sufficient
conditions to solve the control problem and ensure the completion of pursuit to take place. Note that
the state &1 considered here does not equal to the origin of space l,. The following definitions were
derived from the work of Ibragimov et al. [21].

Definition 2.1. The admissible control w(-) = (wy(-),w,(-),...) € l,,w: [0,0 ] = [, satisfies:

[e] 0 3

2
[ Y wg@F de < g,
k=170 =1

for a given positive pg where wy, = (W1, Wyo, Wy3) fork = 1,2, ...

One can note that the set of all admissible controls, set of admissible pursuer's control and set of
admissible evader's control is denoted by S(pg), S(p) and S(o), respectively.

Definition 2.2. The admissible pursuer's control u(-) and admissible evader's control v(+) satisfy:

oo 0 3 o) 0 3

2 2
EJ > g @ de < p?, ZJ Y lw @[ de <o
=170 =1 k=1"0 =1

for a given positive p and ¢ where p > o.

Definition 2.3. The admissible pursuer's strategy U(-,v) = (U;(-,v),U,(-,v),...),U: [0,0] X I, =
l, satisfies:

(S U (&, v (@))I2 dt < p
k=170 =1

for a given positive p such that Uy (t, vi(£)) = v (t) — wy(t), Uy, vij, Wiy, k =1,2,..., and j =
1,2,3, where w(-) € S(p —a),v(-) € S(0).

Definition 2.4. Pursuit is said to be completed in game (8) if, for any admissible control of evader
v(-) € S(0), there exists an admissible strategy of pursuer U(+, v(+)) such that £(t) = & for some time
t,t €[0,0].

We know that the system of differential equations (8) has a unique solution £(-) = (&;(-),&(),...) €
l, given by

t
& (0 = Mp(DE + fo M, (t - S)(_uk(s) + Uk(S)) ds, )
Where:
e_ukt 0 0
0 e Mt cos 8t —e Mkt sin .t (10)
0 ekt sin 8t ekt cos 8t
fork= 1,2, ....
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It is easy to show that the matrix My(t),k = 1,2,..., obeys the following: (i) Mg(t—s) =
M (M (=s) = M (=s)My (1), (i) M ' (t) = My (=t), (iii) M (£)&,| < ek |§) | where ay
min{ w , A }.

We denote that:

$(®) = (§1(6),82(0), ) = (x1(©), y1(8), 21.(1), x2(£), ¥2 (1), 22 (0), - ..),

[ee]

5N = | ) GO + 3O + Z®)
k=1

$k (B) = (xk(t)'Yk(t),Zk(t))' [$ (D] = \/ng(t) + YR + zi (),

§ = (.8, )= (.1, 20,x0,53, 23, ),

€01 = | D (G2 + o2+ @2,
k=1

(11

£ = (x0y0 ), |€f] = J(x,?)z £ O0? + (202,

&= @) = (e zxg,y2, 2,00,

1§ =D (@) + ob2 + @D,
k=1

& = (xbyhzb), |6t = J(x,%)z £ D2 + (2D,

The existence of a unique solution & (+) for system (8) was established clearly in Madhavan et al. [23].
The problem of this research is to find solutions for control problem and pursuit problem described by
3-system of differential equations (8).

3 Results
A Control Problem of the System

We first solve control problem of the system. For this, we developed a control w(+) which is then shown
to be admissible so that it can be used to drag initial state £° into another state £ at finite time 6. We
express the solution of the system as:

() = M) 62 + | Mt = swy(5)ds. (12)
0

Consider the equation, for each k = 1,2, ...,
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fot e2HkS ds 0 0
Pe(t) = [, My (—s)Mj(=s)ds = 0 Jy ¥4 ds 0 (13)
0 0 fot e?Ms ds
and
t -1
( fo e2HkS ds) 0 0
-1 t 1 -1
PN = 0 (f; e24s ds) 0 : (14)
0 0 (fot e2Mks ds)_
Also,
eZtks 0 0

Qr(®) = ( 0 e 0 ) (15)

0 0 eZAkS
Let
> 2(8) P (0164 2 (61) ()P 0Dk = o (16)
k=1
where 8 > 0.

Theorem 3.1. Let (16) be fulfilled. Then, there exists an admissible control function w(-) € S(py) to
transfer the state of system (8) into another state ! at finite time 6.

Proof. We divided the proof of the theorem into three parts.
1) Construction of control
We define the control as:

Wi (£) = { —Mi(=t)(P 1 ()& — M ()P 1 (0)E0),  t€[0,6], 17

0, t € (6,0),
for each k.
1) Admissibility of constructed control (17)

Show that control function w(-) is admissible. In our study, control w(-) is considered admissible if it
satisfies integral constraints. We used the inequality |a + b|? < 2|a|? + 2|b|? and obtained:

Z jo @I ds

Y
=3 [ Mt )68 - MR @b ds
k=1"0

61



Diviekga Nair Madhavan

* — 2 * - 2
<2 EJ |Mk(—S)Pk1(9)f;8| ds +22J |Mk(—5)Mk(—9)Pk1(9)§,%| ds. (18)
k=170 = Jo
For Yi”_4 fog M (—s)Pg 1 (0)EL|” ds, we did obtain that:

o 6
2 f |Mi(=5)Pc (©)E|” ds
k=10

P 6/ 0 0 -2 0
= ZJ J (x;g)zez”ks (J e2Hks ds) + (y,?)ze”ks <J e 22kS ds)
k=10 \"0 0 0
2] -2
+ (z,?)ze“ks <J o2Aks ds) )
0

_ 2 [ ’ <(x,g)2 (/ d) v 00 ([ d) + () (J d))

(00

= > (&) Pt

k=1

-2

Whereas, for Y-, fog |M; (—s)M (—0)P;1(B)¢L |2 ds, we carried out the following,

© 6
> [ me-omi-spc @ as
k=10

o) ) 0 -2 0 , 0 _ 0
= 2 (x;) (J e2HkS ds) J e2tk(0+s) do 4 (y;) (J e24ks ds) J e2k(0+5) (g
k=1 0 0 0 0
0 -2 g
+ (Z;)Z (J ezlks dS) J eZﬂ.k(0+S) ds
0 0
[ele) , 0 -1 , 0
= Z (x;%) e 20 <J e 2HkS ds) + (y}%) o2k <J e2Aks ds)
k=1 0 0
0 -1
+ (Zi)zez’lkg <J e24ks ds) )
0

= (1) Q)P (6)¢}

-1

By substituting information back into (18), we get that:

) P ) 0 © 0
;L wie(s)[? ds < ZkZ;L M (—)P ()0 ds + Z;L My, (—)M, (~0)P; 1 (0)E1 ] ds

= 2 () PO + 2 () OP O = 53
k=1 k=1
Thus, w(-) € S(po)-
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111) The transferring of state into another non-zero state

We then show that the state of system (8) is transferred from &° to &1 by using (17) into (12) that is
6 . -

£e(6) = Mi(8) (8 — Jj Mi(=5)M;i(=s)P (6)E0 ds +

7] 6 7]
j My (—5)M (—$)My (—O) P (0)EL ds + j My (=i (s) ds — j My (=5)vx (5) ds>
0 0 0

0 0
M (6) <§ﬁ—JO My (—s)Mi(=s) ds P 1 (0)¢R + JO My ()M (—=s)P 1 ()¢ dS)

M (0) (5 — Pe(®)PT(O)E0 + [ Mi(=5)Mi(=s) ds P (0)é} )
M (0) (&) — &0 + P(0)P 1 (0)E})
M, (6) (M (6)¢k) = &

This finishes the proof the theorem.
B Pursuit Differential Game

We now extend to solve pursuit problem defined by system (8) which involves pursuers and evaders.
By applying control obtained in control problem, we established admissible strategy required by the
pursuers in bringing the initial state £ into another state £ at finite time 6.

Here, we have

(00

> 260 PO, 2 (1) Qe ()P ()5} = (0 — o) (19)

k=1

In this section, the state of the game includes the pursuer’s strategy that is

£e(t) = M(6) &0 + j M (t = 5) (~Ui(5,ve(5)) + vie() ) ds. (20)
0

Theorem 3.2. Let p > o and (19) be fulfilled. Then, pursuit game (8) can be completed at finite time
6.

Proof. This theorem requires the construction of strategy for the pursuer. The proof is shown in three
parts as follows.

1) Construction of pursuer’s strategy

We constructed the pursuer's strategy as follows:

My (—0)(P 10X — Mp(—O)Pt ()& ) + v (1), t€[0,6],

0, t € (6,). @D

Ur(t, v (1) = {

1) Admissibility of pursuer’s strategy (21)

We show that strategy (21) satisfies integral constraints where v(-) € S(o). We employed Minowskii's
inequality and obtained:
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ijo |Uk(s, vk(s))|2ds

[ M@ - ma@rr @bl as+ |y [ usrds
0 k=1"0

IA

< jzj 2|M; (—)P7L(0)E0” + 2|M;(—s)My (—0)P7L(0)éE ds + o
k=170

Il
E—
Mg
—
)
N
o)
N/
*
=5
L
~
)
p—4
S
+
)
~
o>
RN
p—4
*
)
&
~
)
N/
S
L
~
)
N/
o
+
Q

Hence, pursuer's strategy (21) is admissible.
11l) Completion of pursuit

We proved that pursuit can be completed by utilising strategies (21) that is

6
k() = Mi(0)§ + JO (Mi (=5) (=M (=) P 1 (0)§R =M (=) M (0D P 1 (8)6;) + vic(s)) ds

6
+ J M (—=s)vi(s) ds
0

0
M (6) <f:? - JO My ()M (—s)dsP;* (0) &R ds

0
+ j My (=) M;,(~5)dsMy (—0)P;* (6) & ds)
0

Mp(0) (80 — P(O)P1(0)ER + P ()M (—0)P(6)EL)
M (0) (M (—0)E}) = &1

Consequently, strategy (21) guarantees the pursuit to be completed in the game at finite time 6. The
proof ends.

4  Conclusion

This study examined a pursuit differential game described by an infinite first order 3-system of
differential equations with integral constraints constraining the players' control functions in [, space.
Sufficient conditions comprising of states £° and é? that are needed to steer the state of the system into
another non-zero state and complete the pursuit at some finite times are constructed. The pursuer was

provided with an admissible strategy and guaranteed pursuit time of the game was achieved.
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