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Abstract: Hand, foot, and mouth disease (HFMD) remains a significant public health concern in Asia,
with Malaysia and neighbouring countries frequently reporting outbreaks. To better understand its
transmission dynamics, this paper applies a Susceptible-Infected-Recovered (SIR) model to HFMD
in Malaysia. The analysis focuses on model positivity, equilibrium behaviour, and stability, while the
basic reproduction number () is derived using the next-generation method. Two threshold scenarios
are considered: when the disease-free equilibrium is stable, indicating eventual eradication, and when
the endemic equilibrium is stable, signifying sustained transmission. Numerical simulations support
these theoretical results and emphasise the critical role of in shaping outbreak outcomes. A key
contribution of this paper is the examination of infection risk variation, showing that higher risks
accelerate the shift to endemic persistence, while lower risks extend the stability of the disease-free
state. Overall, the findings highlight the importance of threshold dynamics and infection risk in
determining HFMD spread. By integrating analytical and numerical approaches, this study offers
insights that can inform more effective public health strategies in Malaysia.

Keywords: Basic reproduction number, HFMD, Numerical analysis, S/IR model, Stability
analysis

1 Introduction

Hand-Foot-and-Mouth Disease (HFMD) is a viral infection that continues to pose a serious public
health challenge, particularly across Asia[1], [2], [3], [4]. The disease is mainly caused by enteroviruses
such as Coxsackievirus A16 (CV-A16) and Enterovirus 71 (EV71). Although HFMD is often mild,
major outbreaks have been associated with severe neurological and cardiopulmonary complications [5],
[6]. HFMD is also among the most frequently reported notifiable diseases in several countries. For
example, China recorded an annual average of 1.87 million cases between 2008 and 2019 [7]. Recurring
outbreaks have also been documented in Thailand, Vietnam, Cambodia, and Singapore, underscoring
its regional and international significance [6]. Specifically in Malaysia, HFMD has triggered several
large-scale outbreaks, including 31 deaths in 1997 and 13 in 2006 [8]. More recent statistics illustrate
its persistent threat: Sabah recorded 17,574 cases in 2019 [8], and in 2025, the number of national cases
rose by 266% compared to the previous year, with Selangor ranked among the five most affected states
[9]. Furthermore, over 80% of cases occur in children under six, particularly in nurseries and preschools
where rapid person-to-person transmission is common [8], [9].

Given its recurring nature, mathematical modelling has become an essential tool for analysing
HFMD transmission and guiding control strategies [10], [11], [12]. Building on the classical SIR model,
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numerous studies have examined transmission pathways, estimated reproduction numbers, and
evaluated intervention measures. For example, Li et al. [7] analysed age-structured HFMD
transmissibility in a major Chinese city and confirmed that children remain the main drivers of spread.
In addition, Geng et al. [13] applied multi-input multi-output forecasting in Chengdu, achieving more
accurate HFMD predictions than conventional methods. Likewise, Verma et al. [6] extended the SIR
model into an SEIRS framework by incorporating reinfection and seasonal factors to study HFMD in
Thailand, while Wongvanich et al. [10] investigated regional residency and optimal control measures
in the same setting. More recently, in Malaysia, Adewole et al. [14] recently introduced an age-
structured model for children under 15, offering new insights into how age influences epidemic patterns.
Overall, these studies highlight the adaptability of mathematical models in capturing the complexity of
HFMD transmission and their importance in shaping informed public health responses.

Beyond age- and residency-based approaches, other modelling innovations have also focused on
specific biological and ecological aspects of HFMD. For example, Wu [15] examined HFMD dynamics
using standard incidence functions, while Chen et al. [5] estimated transmissibility parameters through
dynamic modelling. Similarly, Shi et al. [ 12] studied reaction-diffusion HFMD systems with nonsmooth
saturation effects, and Jan et al. [16] investigated fractional-order models with partial immunity.
Furthermore, Mohandoss et al. [11] explored the role of vaccination as a control mechanism. Beyond
HFMD itself, methods developed for related epidemic models, such as finite-time stability in stochastic
SIR dynamics [17] and the use of Liénard-Chipart criteria for stability verification [18], provide valuable
mathematical tools for extending HFMD modelling analysis. In this regard, such theoretical
foundations, as established in classical differential equation frameworks [19], remain central to
advancing infectious disease modelling.

Within Malaysia, Nasir and Siam [20] applied the S/R model to estimate HFMD transmission
parameters from local data. Their work produced useful parameter estimates, and the findings suggested
that HFMD may continue to persist in Malaysia. However, stability analysis remains underexplored in
their study, which is needed to understand whether the system remains stable over time. In addition,
understanding how changes in infection risk might influence the outbreak is also important. Therefore,
this research gap motivates the present study. The aims of this study are: (i) to verify the positivity of
solutions in the SIR framework for HFMD; (ii) to determine the disease-free and endemic equilibrium
points; (iii) to derive the basic reproduction number using the next-generation matrix method; and (iv)
to validate the analytical findings with numerical simulations under varying infection risk values based
on Malaysian 2025 data.

2 Methodology

This section outlines the formulation of the S/R model, the theoretical analysis, and the implementation
of numerical simulations. The overall research process is illustrated in Figure 1.
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Figure 1: Flowchart of the Research Methodology

A  Formulating the SIR Model for HFMD Infections

The formulation of the SIR model for HFMD transmission is based on several assumptions. First, the
birth rate and natural death rate are assumed to be equal, ensuring that the overall population size
remains relatively stable. Second, treatment effectiveness is considered, allowing for the possibility that
recovered individuals may lose immunity and return to the susceptible class. Finally, since no deaths
have been reported from recent HFMD cases, the disease-related mortality rate is assumed to be very
low. Thus, based on these assumptions, the total population is divided into three compartments:
susceptible (S), infected (/), and recovered (R), with the total population denoted as (N). The

transitions between these compartments are illustrated in Figure 2.
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Figure 2: Compartment of SIR model

This classification follows the framework outlined by Nasir and Siam [20]. The interactions among the
compartments are represented by the following system of ordinary differential equations (ODEs):

ﬁ=aN—b—CS]—aS+dR (1
dt N
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dl b 2
Z:WCS[—(a+e+f)I 2)
d—RzeI—(a+d)R 3
dt

These equations define the rate of change in each compartment, representing the dynamics of HFMD
transmission. To ensure biological feasibility, the initial conditions are specified as S(0)>0, 7(0)>0

and R(0) > 0. These conditions guarantee that the population values remain non-negative throughout
the simulation. The parameters used in the system are defined in Table 1.

Table 1: Description of the parameter used in the model

Parameter Interpretation
a Rate of population growth and natural death
b Contact rate between susceptible and infected individuals
c Risk of infection
d Proportion of recovered individuals who lose immunity and become susceptible again
e Recovery rate
f Death rate from severe illness

The following section presents the theoretical analysis of this system.

B Theoretical Analysis of the SIR Model

This section presents the theoretical analysis of the S/R model, focusing on verifying its positivity,
determining equilibrium points and their stability, and computing the basic reproduction number using
the next-generation matrix method.

i. Positivity of the STR Model

To ensure that the model is biologically meaningful, it is necessary to demonstrate the positivity of the
solutions to equations (1), (2), and (3). This condition guarantees that the susceptible, infected, and
recovered populations remain non-negative over time, which is essential for epidemiological
interpretation.

Theorem 1. A/l solutions of the system (1)- (3) with initial conditions S(0)>0, 1(0)>0 and R(0)>0
remain non-negative for all t>0.

Proof. Using the same approach as in [21], the non-negative of the solution can be proved by the
equation as follows:

’[ aN  bcl(6) de(@)]dg
S(t)=S(@)e " N S >0

[ (L] ) o g f’]d(@)

() =1(0)e" >0

r[d(g)—d—ajd(ﬁ)

R(t)=R(O)e™ >0

For any real number and with the initial conditions S(0)>0, /(0)>0 and R(0) >0, it is well known

that exponential functions are always non-negative. Consequently, for any time ¢, each solution of
equations (1)-(3) remains non-negative. This completes the proof.
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Having established that the model preserves non-negative solutions, the next step is to determine the
equilibrium points, which represent the possible long-term states of the system.

ii. Disease-free and Endemic Equilibrium Points

The equilibrium points are calculated by setting the right-hand sides of equations (1)-(3) equal to zero.
The disease-free equilibrium (DFE) is obtained by setting I = 0, giving:

& = (N , 0,0).

The endemic equilibrium (EE) occurs where I # 0, expressed as:
&=(8"1"R").

where:

. N(a+e+f) *_aN(aer)(bc—a—e—f) « aeN(bc—a—e—f)

S =————=,1 = , R = .
be be(a* +a(d+e+ f)+df) be(a* +a(d+e+ f)+df)

These equilibria represent the two possible outcomes of the epidemic: (i) eradication of the infection
(DFE) or (ii) persistence of HFMD within the population (EE). Their stability must be analysed to
determine which scenario occurs.

iii. Stability Analysis of Disease-free and Endemic Equilibrium

To analyse local stability, the Jacobian matrix of system (1)-(3) is evaluated at each equilibrium point:

bel bcS
-———a -— d
N N
bel bcS
J(&)= — — —e—a-— 0 | 5
(&) N N f (5)
0 e —a—d

Subsequently, the equilibrium points can be classified according to their eigenvalues, with further
details available in [19]. The following theorems are presented to aid in the analysis of local stability at
each equilibrium point.

Theorem 2. The disease-free equilibrium (DFE) point &, = (N , 0,0) is locally asymptotically stable if
bc<a+e+ f.

Proof. The stability of the disease-free equilibrium point is examined by evaluating the eigenvalues of
the Jacobian matrix at &, . Substituting &, = (N ,0,0) into (5) yields:

—a -bc d
J(E)=| 0 bc—a-e-f 0
0 e —a—d
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The characteristic equation |J - | =0 gives the eigenvalues:

Ah=-a, l=bc—(a+te+f), h=-a-d.

It is clear that 4, and A, are always negative. Therefore, the stability of the disease-free equilibrium
depends on 4, . By requiring A, <0, the condition hc <a+e+ f is obtained. Hence, the disease-free
equilibrium is locally asymptotically stable under this condition. Hence the proof.

Thus, the DFE is stable only when the infection rate is sufficiently low. When this condition fails, the
disease-free state becomes unstable, and the system may approach an endemic state.

Theorem 3. The endemic equilibrium (EE) point & = (S i *,R*) exists and is locally asymptotically
stable if bc>a+e+ f.

Proof. The existence of the endemic equilibrium requires /” # 0, which holds if bc>a+e+ f.

Substituting this condition into the equilibrium equations gives the positive values of S*, I, R" as

stated. At g, using %CS* =a+e+ f and denoting k = %I * >0, the Jacobian becomes:

—(a+k) —(a+e+f) d
J(g)= k 0 0
0 e —(a+d)

The corresponding characteristic polynomial is A° + /11/12 + A, A+ A4y = 0 with coefficients:

A =2a+d+k,
A, =a’+ad +(2a+d +e+ f)k,
A, =k(a2+ad+ae+af+df).

Since a,d,e, f >0 and k>0, it follows that 4, >0 and A4, >0. Moreover, expanding A4 4, — 4,
yields only positive terms, ensuring A4, 4, > A;. By the Routh-Hurwitz criterion [11], [15], [16], [18],
all eigenvalues have negative real parts. Therefore, the endemic equilibrium &, exist and is locally
asymptotically stable whenever R, >1. Hence the proof.

The results above indicate that stability of the equilibria depends critically on the relationship between
the transmission rate and the combined removal rates. To make this threshold explicit, the basic
reproduction number is now derived.

iv. Basic Reproductive Number

The basic reproduction number, R, is derived using the next generation matrix approach [7], [11]. For

the infection class 7, the rate of new infections is given by F (/) = % SI , while the transition terms are

V({l)= (a +e+ f )[ . Evaluating the Jacobians at the disease-free equilibrium g, = (N , 0,0), yields
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F=bc and V' =a+e+ f. The next generation matrix, therefore, reduces to K = g, and the basic

reproduction number is obtained as:

bc
Ry=——. (6)
a+e+ f
Corollary. Let R, = Lf with a,e, f > 0. Then, the following are equivalent:
ate+

1. If R, <1, the disease-free equilibrium &, = (N , 0,0) is locally asymptotically stable.
2. If R, >1, the disease-free equilibrium &, = (N , 0,0) is unstable, and an endemic equilibrium

&= (S * I*,R *) exists and is locally asymptotically stable.
Proof. Since a,e, f >0, dividing by a+e+ f preserves inequalities:
bc<a+te+f <R, <1, be>ate+f <R, >1, be=ate+ f <R, =1.

The stability conclusions then follow directly from Theorem 2 (DFE stable when R, <1) and Theorem
3 (DFE unstable and EE stable when R, >1. Hence, the proof.

3 Results and Discussion

This section validates the analytical findings and presents numerical simulation results. The initial

values are based on the total population of Malaysia as of May 2025, estimated at N =34.2x10°[22].
The number of HFMD infections at that time was [(0)=99,601[9], while the initially recovered

population was assumed to be zero. Consequently, the susceptible population is calculated as
S(0)=34,100,399. Parameter values used in the simulations are adapted from [20] and are summarised

in Table 2. Two parameter sets are considered: Case I (R, <1) and Case II (R, >1), representing
scenarios below and above the epidemic threshold.

Table 2: Parameter values used in numerical simulations

Parameter CaseI(Rp <1) Casell Ry > 1)
a 0.00022055 week ™ 0.00022055 week ™
b 7.9526 week ™ 7.5853 week ™!
c 0.6249 week ™ 0.9599 week ™!
d 0.1256 week ™ 0.3003 week ™
e 4.9762 week™ 7.000 week ™
S 0 week ™ 0 week ™
R, 0.9986 1.0401

A Validation of Theoretical Analysis

This section validates the theoretical proofs established in Theorems 2 and 3 and the supporting
corollary. Table 3 presents the stability analysis for the disease-free equilibrium (DFE) and endemic
equilibrium (EE) under both cases.
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Table 3: Stability analysis results

Cases DFE/EE Eigenvalues Stability behaviour
2, =—0.0002205
& = (N , 0,0) A, =-0.006841 Asymptotically stable node
Case | A, =—0.1258
(Ry <1) 2, =0.006512
g =(8"1",R") | 4, =-0.0002206 Unstable node
2, =—0.1322
2, =0.2809
& =(N,0,0) | 4, =—0.0002206 Unstable node
Case II Ay =-0.3005
(B >1) A =—0.1560+0.2451i '
6 =(S"I"R) | 4 =-0.0002205 Asympz‘;gicrzlll)y stable
Ay =—0.1560—-0.2451i

For Case I, the disease-free equilibrium g, = ( N, 0,0) yields all negative eigenvalues, confirming
that the system is a locally asymptotically stable node. This result supports Theorem 2, which states
that the DFE is locally asymptotically stable when R, <1. At the endemic equilibrium & = (S I *,R*)

, however, one eigenvalue is positive, indicating an unstable node. This agrees with the corollary, which
asserts that no stable endemic equilibrium exists when R, <1.

For Case 11, the DFE ¢, = (N ,0, O) becomes unstable because one eigenvalue is positive. This again

validates Theorem 2, which predicts instability of the DFE when R, >1. In contrast, the endemic
equilibrium ¢, = ( ST, R*) yields eigenvalues with negative real parts, including a complex conjugate

pair. This configuration implies that the system approaches equilibrium in an oscillatory manner,
forming an asymptotically stable spiral. This finding is consistent with Theorem 3, which establishes
that the EE is locally asymptotically stable when R, >1. Overall, the numerical stability analysis fully

supports the theoretical predictions of Theorems 2 and 3, together with the Corollary. These results
confirm that the basic reproduction number R, serves as the threshold parameter that determines the

local stability of the equilibria.

B Numerical Simulation

This subsection presents numerical simulations to illustrate the system’s dynamics under two threshold
scenarios: R; <1 and R, >1. The simulations also examine the effect of varying the infection risk rate,
¢, on the susceptible, infected, and recovered populations over time. Parameter values are drawn from
Table 2, with initial conditions set as (SO,IO,R0 ) = (34100399, 99601, 0) . These values correspond to
the Malaysian population as of May 2025 [22], with the HFMD infection level derived from reported

data [9]. Figure 3 displays the temporal dynamics of the susceptible, infected, and recovered populations
for both cases, with time, ¢ measured in weeks.
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Figure 3: Time series plot for SIR model for Case I (R, =0.9986 <1) and Case I (R, =1.0401>1)

With initial conditions in May 2025 (¢ =0), the system begins with approximately 34.1 million
susceptibles, 99,600 infected individuals, and no recovered individuals. Two distinct scenarios emerge
depending on the value of the basic reproduction number. When R, =0.9986 <1 (Case 1), the infection

cannot sustain transmission. During the first 10 weeks (May-July 2025), infections decline sharply from
nearly 100,000 to fewer than 10,000, and by around week 30 (December 2025), the infected class
approaches extinction. In the medium term (July 2025-May 2026, weeks 10-50), the susceptible
population increases gradually and stabilises close to 34.2 million, while the recovered class peaks near
100,000 before declining steadily to negligible levels. Over the longer horizon (early-late 2026, weeks
30-80), the system converges to a disease-free equilibrium: infections vanish, the susceptible population
persists at ~34.2 million, and the recovered pool stabilises at a very small residual level. Thus, when
R, <1, HFMD is predicted to die out within seven months (by December 2025), with sustained

elimination thereafter.

In contrast, when R, =1.0401>1 (Case II), the infection persists. During the first five weeks (May-

June 2025), the susceptible class declines sharply to about 32.2 million, coinciding with a rapid rise in
infections that peak at nearly 120,000 cases around week 4. The recovered population simultaneously
increases, reaching 1.8 million by week 8 (July 2025). In the medium term (August 2025-January 2026,
weeks 10-30), the system exhibits damped oscillations: the susceptible population gradually rebounds
and stabilises near 33 million by week 20, the infected class fluctuates between weeks 15 and 25 before
settling at ~50,000 cases, and the recovered class stabilises near 1.5 million by December 2025. Over
the longer horizon (early-late 2026, weeks 30-80), the system converges to a stable endemic state, with
the susceptible pool remaining above 32 million, the recovered population at ~1.5 million, and
infections persisting at a non-zero prevalence of ~50,000. Rather than collapsing, the epidemic
transitions into sustained circulation.

Taken together, these scenarios highlight the threshold role of the basic reproduction number in
shaping HFMD dynamics in Malaysia. When R, <1, the epidemic collapses rapidly, leaving only a
negligible number of recovered individuals and restoring the system to a disease-free state. In contrast,
when R >1, the infection persists indefinitely, an initial epidemic wave peaks within the first month,
followed by damped oscillations and eventual stabilisation at an endemic prevalence of ~50,000 cases
from late 2025 onwards. This divergence underscores the critical importance of maintaining effective
control measures to R <1, since only under this threshold can HFMD be eradicated rather than

entrenched as a recurrent endemic disease.

Next, to further elucidate this threshold behaviour, the infection risk rate, ¢, is considered, as it
plays a crucial role in shaping epidemic trajectories and determining whether a disease will fade out or
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persist within the population. Figure 4 presents the time series temporal dynamics of the susceptible
S(t), infected (¢), and recovered R(¢) populations under three different values of the risk of infection

rate parameter ¢ . The red curve corresponds to ¢ =0.7519 (R, =0.815), the blue curve to ¢ =0.9140
(R, =0.990), and the black curve to ¢=0.9482 (R, =1.027). These curves therefore capture the
disease dynamics below the threshold ( R, <1), at the threshold ( R, ~ 1), and above the threshold ( R, > 1
), respectively.

=107
3.4 —C = 0.7519 (RD=0'815)
¢ =0.9140 (R, =0.990)
—~3.35 ——c=0.9482 (R =1.027)
an
3.3
325 1 1 | 1 | 1 | J
0 10 20 30 40 50 60 70 80
=104
10
=g
0 ] . | | | |
0 10 20 30 40 50 60 70 80
) =108
1.5
S
0.5
0 . | . | |
0 10 20 30 40 50 60 70 80

Time (weeks)

Figure 4: Time series plot when the risk of infection rate, ¢ is varied

When R, =0.815<1 (red curve), the infection cannot sustain itself. The number of infected
individuals /(¢) rapidly declines to zero after a small initial peak, and only a small fraction of the
population enters the recovered class R(¢). Consequently, the susceptible population S(¢) returns close

to its initial size, reflecting the eradication of the infection. Under this scenario, HFMD in Malaysia is
predicted to collapse by July 2025 (week 8), with elimination maintained thereafter.

In the near-threshold scenario (R, =0.99 =1, blue curve), the epidemic peak is larger, and the

decline of the infected population is slower compared to the sub-threshold case. However, the infection
still eventually dies out, leaving a slightly larger recovered population. This outcome suggests that if
transmission rates remain marginally below the epidemic threshold, HFMD outbreaks in Malaysia may
persist a little longer but will ultimately fade by the end of 2025, without becoming endemic.

Finally, when R, =1.027 >1 (black curve), the infection persists at an endemic level. The infected
population /(¢) stabilises at a positive equilibrium, the susceptible population S(¢) settles below its
initial value, and the recovered population R(¢) remains significantly elevated. This scenario indicates
that if transmission exceeds the threshold, HFMD in Malaysia will not die out but will instead persist
as a low-level endemic disease, with recurrent seasonal circulation from late 2025 onwards. Overall,
the finding highlights the sharp transition in HFMD outcomes for Malaysia around the epidemic
threshold. Small variations in the parameter ¢ close to the critical value can determine whether the
infection is eliminated or persists within the population, underscoring the importance of reducing
effective contact rates below this threshold through control interventions.
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4 Conclusion

This research examined the stability and numerical dynamics of HFMD infections in Malaysia using
the SIR model. A key contribution lies in demonstrating how small variations in the infection risk rate,
¢, can shift system behaviour across the epidemic threshold. Three main outcomes emerged: when
R, <1, the infection dies out within a finite time (around 5-10 weeks in the simulations); when R ~ 1,

outbreaks persist much longer (20-30 weeks) before fading; and when R, >1, the disease becomes

endemic, continuing to circulate over the full simulation period. These results highlight how infection
risk plays a decisive role in whether an epidemic disappears or becomes established. The findings also
showed that values of R, just below unity can still produce prolonged outbreaks. For example, at

R, =0.990, the infection did not vanish immediately but persisted for nearly a year before extinction.

This suggests that eradication, while theoretically possible, may demand considerable time and effort,
and the disease may appear as though it is continuously present. Such behaviour underscores the need
for close monitoring of threshold values and consistent public health strategies to prevent re-emergence.

In addition, this study complements the empirical work of Nasir and Siam [20], who estimated
HFMD parameters from Malaysian data and showed that R, often remain close to unity. While their

work provided direct evidence of HFMD persistence, the present study adds theoretical depth by
identifying the stability conditions that explain why such persistence occurs. Moreover, the main
novelty of this study is the examination of infection-risk variation, supported by numerical simulations
based on Malaysian 2025 outbreak data. Taken together, these studies offer a fuller picture: empirical
results demonstrate HFMD’s continued circulation in Malaysia, while the current analysis clarifies the
underlying dynamics that determine whether the disease moves toward elimination or becomes
endemic. The results further show that even modest interventions can significantly alter epidemic
patterns and shorten outbreak duration. For example, reducing the infection-risk parameter by small
margins can shift outbreak persistence from almost 30 weeks to extinction within 10 weeks. Measures
such as promoting hygiene in schools and childcare centres, encouraging early case isolation, and
maintaining preventive campaigns can therefore substantially limit HFMD transmission. The sensitivity
of HFMD spread to small parameter changes highlights the importance of continuous preventive efforts
rather than reactive responses.

Future work could strengthen these insights by incorporating age-specific contact structures. In
particular, integrating stability analysis with real-time outbreak data would allow prediction not only of
whether HFMD persists but also for how long, thus supporting adaptive interventions. Such efforts
would enhance the ability to design timely and evidence-based control strategies for HFMD in Malaysia
and comparable settings.
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