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Abstract: In this study, a stage-structured prey-predator model is used to describe the dynamics of 
sea turtles and their marine predators across different life stages. Marine predators primarily target 
hatchlings, while mature sea turtles can survive independently and immature individuals often rely on 
external support. This paper employs stability analysis and bifurcation analysis and treating the 
conversion rate from sea turtle eggs to hatchlings as the bifurcation parameter. Graphical results, 
including bifurcation diagrams, phase-plane plots, and time series graphs, are produced with 
XPPAUT, Maple, and MATLAB, respectively. The analysis identifies a transcritical bifurcation point 
that marks a change in system stability under varying conversion rates. Moreover, the results 
demonstrate that the conversion rate strongly influences prey-predator dynamics: low rates can cause 
predator extinction, moderate rates allow coexistence, and high rates increase predation on hatchlings. 
Overall, the study highlights the ecological importance of hatching rates for maintaining balance and 
guiding conservation strategies, with particular attention to preventing species extinction.  

Keywords: Bifurcation analysis, Lotka-Volterra model, Sea turtles, Transcritical bifurcation, 
Numerical simulation 

 
 

1 Introduction 
 
Prey-predator interaction describes the relationship between two organisms in which one species relies 
on the other as a food source [1], [2], [3]. Through predation, energy is transferred between organisms 
and across trophic levels. Predators often share certain traits: they are usually larger than their prey and 
frequently target young or vulnerable individuals [4], [5], [6]. It is also common for a species to function 
as both prey and predator, depending on its position in the food web. In ecological systems, food chains 
depict how energy moves from producers to consumers and decomposers [7], [8]. When these chains 
are interconnected, they form a food web that reflects the interdependence of many trophic groups 
within an ecosystem [9].  

Sea turtles provide a useful example for studying prey-predator dynamics because they are 
endangered and face numerous natural threats [10]. Their reproductive pattern follows a K-strategy: 
females lay relatively few clutches, each containing roughly 65 to 180 eggs [11]. Their slow growth 
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and long lifespan, which is around 75 to 100 years, mean that sexual maturity is only reached at about 
20 to 30 years of age. Sea turtles also exhibit natal homing, returning to their birthplace to nest after 
long migrations guided by geomagnetic cues [12], [13]. Although this behaviour helps turtles return to 
suitable nesting sites, it also increases their exposure to changing environmental conditions. Turtle eggs 
receive almost no parental protection, and nests are placed in different types of locations, which can 
influence incubation, hatching success, and early survival [14]. Common predators such as ghost crabs 
and black-tipped sharks feed on eggs, hatchlings, and young turtles on land and in the sea [10]. As 
turtles grow larger, they become less vulnerable to these predators, and the risk of predation decreases 
sharply [15].  

Recent studies have examined the stability of prey-predator systems involving sea turtles and human 
activities [16], [17], [18]. These studies show how harvesting, egg collection, and environmental 
disturbance can affect long-term population trends. Researchers have also used stage-structured prey–
predator models to improve on the classical Lotka-Volterra approach [19]. These models divide a 
population into key life stages (e.g., eggs, hatchlings, juveniles, and adults) so that age-specific survival 
and reproduction can be modelled more realistically.  

Several extensions of stage-structured prey-predator models have been explored. For example, 
Roslan et al. [16] studied human egg consumption and found that heavy harvesting greatly reduces the 
probability of sea turtle population survival. In a related study, Khairuddin et al. [17] included nest 
exploitation and showed that predation and harvesting can either collapse or maintain turtle populations, 
depending on the conditions. In another direction, Lutfi et al. [18] introduced a discrete-time model to 
predict whether populations will coexist or go extinct under different levels of exploitation. Their results 
showed that such model can capture generational shifts, especially when human activity is a factor. 
Meanwhile, Dubey and Kumar [19] added time delays to a stage-structured model and found that 
growth or reproductive delays can create complex population patterns. Their study showed that even 
small delays can strongly influence system behaviour. 

More recent studies also show how early-life stages and bifurcation patterns can shape population 
outcomes. Herrera et al. [20] found that small changes in egg or hatchling survival can shift sea turtle 
populations between persistence and decline. Their work highlights the importance of modelling early-
life transitions accurately. Aguilera et al. [21] further advanced prey-predator theory by showing that 
nonlinearities in stage-transition terms may reveal hidden bifurcation behaviour not detectable in 
unstructured models. These underscores the need for detailed life-history representation. In addition, 
Roslan et al. [22] examined the influence of coastal pollution on turtle-predator interactions and found 
that environmental contaminants can alter stability outcomes by affecting hatchling survival and 
predator responses. In a related study, Roslan et al. [23] further employed bifurcation analysis to identify 
ecological thresholds associated with marine debris impacts, demonstrating how small environmental 
changes may separate extinction regimes from coexistence regions. Most recently, Siaw et al. [24] 
analysed a stage-structured turtle-predator system with variable early-life processes and showed that 
conversion rates between stages strongly affect whether prey and predators persist. Overall, these 
studies highlight that early-life transitions, especially the conversion of eggs to hatchlings, play a major 
role in shaping prey-predator dynamics. 

Building on the earlier study, Khairuddin et al. [10] developed a stage-structured prey-predator 
model for green turtles at Chagar Hutang Beach, Malaysia. Their findings showed that the system can 
lead to either extinction or coexistence depending on parameter values. Although their study provided 
valuable ecological insight, it did not examine how small changes in life-stage conversion influence 
system stability. This gap raises the question of how hatching success affects system behaviour and 
predator persistence. To address this, the present study extends the analysis in [10] by applying stability 
and bifurcation techniques, focusing on the conversion rate as the bifurcation parameter. This approach 
offers a clearer understanding of early-life sensitivity and provides information to guide conservation 
efforts. 



 
Bifurcation Analysis of Stage-structured Prey-predator Interactions in Sea Turtle Populations  

 
 

2 Methods 
 

This section presents the formulation of the stage-structured prey-predator model, the determination of 
equilibrium points, the stability analysis, and the numerical simulations. Figure 1 illustrates the 
methodological framework adopted in this study. 

 

Figure 1: The flow diagram of the research method 

 

A The Lotka-Volterra Model 
 

This study considers a two-species system that incorporates both mature and immature prey, together 
with a predator population. The system extends the work of Khairuddin et al. [10], by analysing the 
effects of the conversion rate on prey-predator interactions. Hence, the Lotka-Volterra system is written 
as: 
 

             (1) 

 
Here,  represents sea turtle eggs,  denotes hatchlings, and  is the marine predator population. 

Each equation reflects the main biological processes affecting the three stages. Each equation reflects 

the main biological processes affecting the three stages. The term  models egg production, 

where is the egg deposition rate and the logistic factor accounts for limited nesting space represented 
by the carrying capacity, . Eggs are also reduced by natural losses  and by hatching , which 

moves individuals into the hatchling stage. Hatchlings increase when eggs hatch successfully , 

and decline due to non-predatory causes  as well as predation , which depends on encounters 
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between predators and hatchlings. The predator population grows when hatchlings are consumed 
, and decreases through natural mortality . Together, these terms capture the basic flow of 

the sea turtles across life stages and the key ecological interactions that shape their dynamics.  
 

Two biological assumptions are made in system (1). First, the carrying capacity, , is assumed as 
constant. This reflects the fact that the amount of nesting space on a beach does not change much from 
one season to another unless major environmental events occur. Second, density-dependent effects 
among hatchlings are ignored. This is reasonable because hatchlings spread out quickly after reaching 
the sea, and their survival is influenced far more by predators and environmental conditions than by 
competition among themselves. Such assumptions are commonly used in models of sea turtle 
populations [10], [17], [18], [19]. Thus, all variables and parameters are summarised in Table 1. 
 

Table 1 : Summary of variables and parameters used in system (1) 
Symbol Description 

 Number of sea turtle eggs laid in nests 
 Number of newly hatched juveniles entering the sea 
 Marine predator population feeding on hatchlings 

 Egg deposition rate per adult turtle 
 Carrying capacity (maximum egg capacity of the nesting beach) 
 Natural egg mortality rate (loss of eggs due to non-predatory factors) 
 Hatching rate (the fraction of eggs that hatch successfully) 
 Egg-to-hatchling conversion rate (the success of hatchlings reaching the water) 
 Natural hatchling mortality (non-predatory losses during early movement to the sea) 
 Predation rate (how often predators capture hatchlings) 
 Natural predator mortality rate (predator loss in the absence of prey) 
 Conversion efficiency (how effectively predators gain growth from consuming hatchlings) 

 
With all variables and parameters clearly defined, the mathematical properties of system (1) can now 
be examined to ensure that the model produces biologically meaningful solutions. 
 

B Positivity 
 

The positivity of solutions is an essential requirement for biological models, as negative population 
values have no ecological meaning. Before presenting the formal result, it is useful to outline the 
structure of the proof. The positivity analysis is carried out in the order , ,  and then . This ordering 
is chosen because the differential equations for  and  are independent of , which allows their 
positivity to be established first. Once the behaviour of  and  is confirmed, the positivity of 

 follows naturally from the form of its linear equation. This sequence clarifies the logical flow of 
the argument and reflects the dependence of each variable in system (1). The following theorem 
establishes the positivity of solutions to system (1): 
 
Theorem 1. Let . For any initial conditions , the 
solution of system (1) satisfy  for all . If the initial conditions are strictly 
positive, then  for all . 
 
Proof. On any subinterval where a component is positive, division by that component is valid, and 
integration yields closed-form expressions: 
 
i) For :  
 

( )!"#$ ( )!"

!

! "! "
! "! "
! "! "
!
!
!
!
!
!
!
!
!

! ! !
! ! !

! "! " ! "! "
! "! "

! ! ! ! ! ! ! ! "! " # $ % & ' ( & > !"# "$ !"# "$ !"# "! " #  >
! " #$ ! " #$ ! " #! " # " $ "  > !! ≥

! "# ! "# ! " $! " # " $ " > !! ≥

!



 
Bifurcation Analysis of Stage-structured Prey-predator Interactions in Sea Turtle Populations  

 
 

  

 

If , then  and by uniqueness, .  

 
ii) For :  
 

  

 

If , then  and hence . 

 

iii) For : the equation  is linear. With integrating factor,  

 

   
 

  

 
All exponentials are non-negative and the source term  is non-negative. Therefore 

 for all . If the initial conditions are strictly positive, each expression 
above is strictly positive for , which establishes strict positivity. Hence the proof. 
 
 
 
 

C Stability Analysis 
 

Stability analysis examines the dynamical behaviour of the system near equilibrium points. Setting the 
right-hand sides of system (1) to zero yields three equilibria: 

 , 

 , 

 . 
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.         (2) 

 

Local stability is determined by the signs of the eigenvalues of  at each equilibrium. An equilibrium 
is locally asymptotically stable if all eigenvalues have negative real parts; otherwise, it is unstable 
(saddle). The detailed stability conditions are presented through Theorems 2-4, supported by explicit 
eigenvalue calculations and the Routh-Hurwitz criterion [25]. 

 

Theorem 2. The trivial equilibrium  is locally asymptotically stable if , and it is a 
saddle point if  . 

Proof. The stability of trivial equilibrium  is examined by evaluating the eigenvalues of the Jacobian 
matrix (2) at . Substituting  into (2) yields: 

 .           

This triangular matrix has eigenvalues , , and . Since , and 
. Thus: 

• if , then  and all three eigenvalues are negative. Hence,  is locally 
asymptotically stable. 

• if , then . Hence,  has one positive eigenvalue and is a saddle. 

This completes the proof.  

 

Theorem 3. The equilibrium  is locally asymptotically stable if  

 and . 

Proof. At , the Jacobian (2) becomes: 
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Hence, the corresponding eigenvalues are:  

  

Local asymptotic stability requires all three eigenvalues to be negative. Clearly, . The inequility 
 holds iff . Finally,  

 . 

Under these two inequalities,  is is locally asymptotically stable. Hence the proof. 

 

Theorem 4. The interioir equilibrium point  

is locally asymptotically stable if , , and the Routh-Hurwitz conditions are satisfied. 

Equivalently, stability requires . 

Proof. At ,  and , so  and: 

 . 

Hence, the characteristic polynomial of  is , with coefficients: 

  

For a cubic polynomial, the Routh-Hurwitz conditions for all roots to have negative real parts are:  

  

Because , the inequalities  holds whenever  and . Under these 

two conditions,  is immediately, and  follows from the positivity of each term. Moreover, 
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since every factor is strictly positive. Thus, all Routh-Hurwitz conditions are satisfied. Therefore,  is 
locally asymptotically stable provided  and . The condition  is equivalent to: 

 . 

This completes the proof. 

3 Results and Discussion  
 

The analysis of system (1) is carried out using the parameter values listed in Table 2. These values are 
selected based on ecological studies of sea turtles and related modelling literature, with some parameters 
assumed in order to facilitate numerical simulations. In particular, the parameters , ,  and  are 
assumed and varied within reasonable ranges as part of the parameter variation technique implemented 
in XPPAUT [26], [27]. This technique allows the detection of bifurcation points by systematically 
varying parameters across the desired range. Among all parameters, the conversion rate , representing 
the rate at which sea turtle eggs develop into hatchlings, is chosen as the bifurcation parameter. In this 
study, the parameter  is varied within the narrow interval  to identify the 
bifurcation point and examine how small changes in hatching success influence system behaviour. Its 
ecological significance lies in the fact that small changes in hatching success can drastically influence 
predator survival and overall prey-predator dynamics. By applying one-parameter bifurcation analysis, 
the model captures how changes in  affect system stability and population persistence.    

 
Table 2 : The parameter values used in system (1) 

Parameters Values Sources 
 1.4 Assumed 
 700 [28] 
 0.6 Assumed 
 0.55 Assumed 
 0.01 Assumed 
 0.015 [29] 
 [0.0067875, 0.0067885] Varied 
 0.7 [10] 
 1 [10] 

 

A One-Parameter Bifurcation Analysis 
 
One-parameter bifurcation analysis is a numerical technique used to investigate how the stability of 
equilibria changes as a single parameter is varied. In this study, the conversion rate  is selected as the 
bifurcation parameter to explore how hatching success influences prey-predator interactions. Using 
XPPAUT, the system exhibits a transcritical bifurcation, where the stability of equilibria is exchanged 
between predator extinction and predator persistence states. The corresponding bifurcation diagram is 
shown in Figure 2. In the diagram, the red curve represents stable equilibria, the black curve represents 
unstable equilibria, and the dashed blue line indicates the slicing of the bifurcation parameter. The point 

 marks the transcritical bifurcation, where stability exchanges between equilibria. 
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Figure 2: One-parameter bifurcation diagram for ,  and  plotted against the conversion rate . The top 
panel shows the egg population, , which remains almost constant across the tested range of, , reflecting the 
stability of nesting capacity. The middle panel displays the hatchling population, , where the transition from 
the unstable (black curve) to stable (red curve) equilibrium, , illustrating how hatching success influences 

juvenile abundance. The bottom panel shows the marine predator population, , which shifts from non-feasible 
values to positive stable values as  increases past the bifurcation point, , indicating the ecological threshold 

required for predator persistence. 

 

To demonstrate this switching of stability, the bifurcation diagram is sliced immediately before (e.g.,  
) and after (e.g., ) the transcritical bifurcation point, . At the lower slice, 

the equilibrium  is observed as an asymptotically stable node, while 
 corresponds to a saddle. This behaviour is consistent with Theorem 3, which 

establishes the stability of  under appropriate parameter conditions, and with Theorem 4, which 
shows that  cannot be stable when the predator density is not biologically feasible. Although the 
predator density at this value of  is slightly negative and thus not biologically unrealistic, the point 
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is retained in the analysis because it clearly demonstrates the switching of stability between equilibria 
at the bifurcation. Such outcomes are typical in bifurcation theory, where equilibrium branches may 
temporarily extend outside the biologically feasible region but remain essential for identifying stability 
exchanges [30]. 

In addition to this qualitative description, the analytical stability conditions in Theorems 3 and 4 can 
be viewed as a diagnosis across the parameter space of the conversion rate . These conditions separate 
the model behaviour into two biologically meaningful regions. For values of  below the critical 
threshold at the bifurcation point, , the predator population becomes extinct while the egg and 
hatchling populations persist at equilibrium. For  values above this threshold, the interior equilibrium 
becomes stable, and all three populations coexist. This provides a clear stability map in the parameter 
space of , identifying the ranges that lead to predator extinction or prey-predator coexistence, and 
aligns with the behaviour illustrated in the bifurcation diagram. 

When the bifurcation parameter increases slightly to , the stability of the equilibria is 
reversed. The equilibrium  loses stability and becomes a saddle point, while 

 shifts into the biologically feasible region and emerges as an asymptotically 
stable node. This transition confirms the prediction of Theorem 4, which demonstrates that the interior 
equilibrium  is locally asymptotically stable whenever the predator population satisfies . At 
the same time, the instability of  beyond this threshold is fully consistent with Theorem 3, since its 
stability condition is no longer satisfied. The trivial equilibrium  remains an unstable saddle 
throughout, in agreement with Theorem 2. The eigenvalues and stability classifications for these 
parameter slices are summarised in Table 3, which provides numerical evidence supporting the 
theoretical analysis.  

Table 3: The stability analysis results 
Critical Points Eigenvalues Stability Results 

Conversion rate,  

  Saddle  

  Asymptotically stable node 

  Saddle  

Conversion rate,  

  Saddle 

  Saddle 

  Asymptotically stable node 

 

The phase planes are further plotted using MATLAB to visualise the population trajectories for these 
conversion rate values. Five different initial conditions are represented by coloured curves in Figure 3, 
which depicts the phase portraits at the equilibria  and . 
At the lower conversion rate (e.g., ), trajectories converge towards  confirming its 
role as an asymptotically stable node where eggs and hatchlings persist while predators go extinct. 
Meanwhile, at the higher conversion rate (e.g., ), trajectories instead converge towards 

, which becomes biologically feasible and asymptotically stable. The phase plane at  illustrates 
that once the conversion rate of newly hatched juveniles exceeds the threshold, all populations coexist 
in a stable state. These results, together with the bifurcation diagram in Figure 2 and the stability 
conditions in Theorems 2-4, provide strong numerical confirmation of the theoretical predictions. 
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Figure 3: 3D phase portrait of system (1) at the equilibria  for  and  for . 
Coloured curves represent trajectories from different initial conditions 

 

B Dynamical Behaviour of Species under Varying Conversion Rates 
 

To further illustrate the system dynamics, time series simulations are performed in MATLAB for three 
representative values of the conversion rate:  (below the bifurcation threshold),  
(moderate), and  (high). The initial conditions are set to . The trajectories for the egg 
( ), hatchling ( ), and predator ( ) populations are shown in Figure 4. 

 

 

Figure 4: Time series of the sea turtle eggs , hatchlings , and marine predators  at three different 
conversion rates:  (predator extinction),  (coexistence), and  (high predator 

density) 
 

For lower conversion rate  (Figure 4(a)), the egg population grows and stabilises 
around 125, while the hatchling population converges near 46. The predator population, however, 
declines rapidly to extinction. This outcome illustrates the first scenario, in which hatching success is 
too low to sustain predator populations. Although prey populations persist, the ecological balance is 
disrupted as predators are lost from the system. 
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For moderate conversion rate  (Figure 4(b)), all three populations remain present in the long 
term. The egg population again stabilises around 125, while both hatchlings and predators reach positive 
steady states. In contrast with the lower conversion case, this outcome shows a more balanced form of 
coexistence, where prey numbers are sufficient to support predators without causing excessive pressure 
on hatchlings. This type of behaviour reflects a stable and ecologically favourable state for the marine 
system.  

For high conversion rate  (Figure 4(c)), the egg population still stabilises near 125. But the 
predator population grows substantially close to 90. The hatchling population, on the other hand, 
converges at a lower value of 45. Relative to the moderate scenario, these results show that higher 
conversion rates supply more food for predators, allowing them to grow. Although predators continue 
to persist under these conditions, the prey population becomes more vulnerable. 

Overall, these time series simulations support the bifurcation and phase-plane analyses by showing 
how population levels evolve over time under different values of conversion rates. The results confirm 
that small variations in hatching success can shift among predator extinction, coexistence, and predator 
dominance simply by changing the conversion rate. From a management standpoint, the findings 
emphasise that sea turtle populations are highly sensitive to changes in hatching success. Conservation 
actions may therefore benefit from maintaining conversion rates that allow coexistence, rather than 
aiming only to maximise the number of hatchlings entering the sea. 

4 Conclusions 
 

This study examined a stage-structured prey-predator model to explore the dynamical interactions 
between sea turtles and marine predators when the conversion of eggs to hatchlings is varied. Through 
bifurcation analysis, the system undergoes a transcritical bifurcation in which stability shifts between 
unstable to stable states. Moreover, the phase-plane diagrams and time-series plots illustrate this 
outcome clearly: when hatching success is very low, predators die out; when hatching success reaches 
moderate levels, all populations can coexist; and when hatching success becomes too high, predator 
numbers grow, increasing predation pressure on hatchlings.  
 

The main contribution of this study is the identification of the conversion rate  as a key bifurcation 
parameter that shapes the long-term behaviour of the system. While the earlier study by Khairuddin et 
al. [10] provided important insights into equilibrium dynamics of sea turtles and their predators, but it 
did not explore how small variations in parameters could lead to qualitative changes in stability. Thus, 
the present study extends this foundation by demonstrating, both theoretically and numerically, how the 
conversion rate acts as a driver of stability switching, and by visualising the exchange of stability at the 
transcritical bifurcation point. As compared with the findings of [10], which primarily emphasised 
equilibrium outcomes, this study contributes an additional layer of analysis that links bifurcation theory 
to ecological interpretation. In particular, it shows that predator persistence critically depends on 
hatching success, and that coexistence is only possible within a specific range of the conversion rate. 
This complementary perspective provides more detailed guidance for conservation efforts, suggesting 
that management should focus not only on increasing hatchling numbers but also on sustaining 
ecological balance between prey and predators.  

 
Although the study provides new understanding of prey–predator dynamics, several avenues remain 

for further research. First, incorporating environmental variability, such as seasonal nesting cycles or 
stochastic fluctuations in hatching success, could capture more realistic ecological scenarios. Second, 
extending the model to include spatial dispersal of sea turtles and predators may reveal additional 
mechanisms of stability or coexistence. Finally, coupling the model with empirical field data would 
strengthen its predictive power and enhance its applicability to conservation strategies. 
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